In this paper, we study the existence of nonzero solutions for a class of generalized variational inequalities involving setcontractive mappings by using the fixed point index approach in reflexive Banach spaces. Under some suitable assumptions, we show some new existence theorems of nonzero solutions for this class of generalized variational inequalities in reflexive Banach spaces.
Introduction and preliminaries
Variational inequality theory a is very powerful tool of the current mathematical technology. In recent years, variational inequalities have been generalized and extended in many different directions using novel and innovative techniques to study wider classes of unrelated problems arising in optimization and control, economic and finance, transportation and electrical networks, operations research and engineering sciences in a general and unified framework (see, for example, [1] [2] [3] and the references therein).
It is well known that the fixed point theory plays an important role in the study of variational inequalities and related fields. Recently, some nonzero fixed point theory theorems in Hilbert spaces which are special cases of variational inequalities and some applications to existence of positive solutions for some integral equations were given by Lan [4] , Lan and Webb [5] .
On the other hand, motivated by the paper [6] , Zhu [7] studied a system of variational inequalities involving the linear operators in reflexive Banach spaces by using the coincidence degree theory due to Mawhin [8] . Some existence results of positive solutions for this system of variational inequalities in reflexive Banach spaces were proved. Recently, Lai et al. [9] obtained some existence theorems of nonzero solutions for a class of variational inequalities by the fixed point index approach for set-valued mappings in finite-dimensional spaces and reflexive Banach spaces, respectively. Under some different conditions, Lai and Zhu [10] also got some new existence theorems of nonzero solutions for this class of variational inequalities in these spaces.
Let X be a real Banach space, X * its dual and (·, ·) the duality pairing between X * and X. Suppose that K is a nonempty closed convex subset of X. Motivated and inspired by recent research works in this field, in this paper, we study the existence of nonzero solutions for a class of generalized variational inequalities involving nonlinear mappings as follows:
Find u ∈ K , u = 0 such that
where A, g : K → X * are two nonlinear mappings. By using the fixed point index approach, we show some new existence theorems of nonzero solutions for the generalized variational inequality (1.1) in reflexive Banach spaces under some suitable assumptions.
An operator A : K → X * is said to be continuous on finite dimensional subspaces of X if the restriction of A to the intersection of K with any finite dimensional subspaces of X is weakly continuous. Let X be a real Banach space and K be a nonempty closed convex and U be open and bounded of X with U ∩ K = ∅. The closure and boundary of U relative to K are denoted by U K and ∂U K , respectively. Suppose that A : U K → K is strict set-contractive and x = A(x) for x ∈ ∂U K . Then it is well known that the fixed point index i K (A, U ) is well defined (see [11] ).
Lemma 1.1 ([11]). Let K be a nonempty closed convex subset of a real Banach space X and U be an open bounded subset of X. Suppose that A : U K → K is strict set-contractive and x = A(x) for x ∈ ∂U K . Then the fixed point index i K (A, U ) has the following properties:
(i) For any mappingx 0 with constant value
continuous, bounded mapping and for each t ∈ [0, 1], H(t, ·) be a strict set-contractive mapping. Suppose that H (t, x) is uniformly continuous at t for all x ∈ U K and for all
(t, x) ∈ [0, 1] × ∂(U K ), x = H (t, x), then i K (H (1, ·), U ) = i K (H (0, ·), U ); (iv) If i K (A, U ) = 0, then T has a fixed point in U K .
Main results
Let X be a real reflexive Banach space and K a nonempty closed convex subset of X. Suppose that the mapping A : K → X * is continuous on finite dimensional subspaces such that
where γ > 0 is a constant. It is easy to see that the condition (2.1) implies that A is strictly monotonic and coercive. Hence, for any given w ∈ X * , the following variational inequality
has a unique solution u ∈ K (see [2] ). Now we define a mapping K A : X * → K as follows:
It follows that
and so K A is continuous and bounded. 
(ii) there exist x 0 ∈ K and a constant q > 0 such that
for all u ∈ K with u > q.
Then generalized variational inequality (1.1) has a nonzero solution.
Proof. For the mappings A and g, we define a new mapping K Ag : K → K as follows:
where K A is defined by (2.2). It follows from (2.
First, define a mapping by H :
Otherwise, there exist two sequences {t n } and {u n } with t n ∈ (0, 1], u n ∈ ∂(K r ), and u n → 0 such that
Hence, we have
Letting v = 0, it follows from (2.1) and (2.5) that
which contradicts condition (i). Therefore,
Secondly, we shall verify that i K (K Ag , K R ) = 0 for large enough R. In fact, since g is β-set-contractive and A is bounded, there exist two constants L > 0 and M > 0 such that g(u) ≤ L and A(u) ≤ M whenever u ≤ q, u ∈ K . Let N be large enough and f ∈ X * such that
Define a mapping H : [0, 1] × K R → K as follows:
Then H (t, u) is continuous and bounded in [0, 1] × K R and for each t ∈ [0, 1], H (t, ·) is a strict set-contractive mapping. It is easy to show that H (t, x) is uniformly continuous at t for all
which implies that H (t, x) is uniformly continuous at t 0 for all x ∈ K R . We now claim that there exists large enough R such that u = H (t, u) for all t ∈ [0, 1], u ∈ ∂(K R ). Otherwise, there exist two sequences {t n } and {u n } with t n ∈ [0, 1], u n ∈ ∂(K R ), and u n → +∞ such that
Hence,
Taking v = u n + x 0 in (2.9), it follows from (2.8) that
which contradicts the condition (ii). Therefore,
and so
Taking v = u + u 0 in (2.12), we get
which contradicts the condition (ii) if u > q. Hence u ≤ q and so (2.13) implies that
It follows from (2.7), (2.11) and Lemma 1.1(ii) that i K (K Ag , K R \ K r ) = −1 and thus, there exists a fixed point u ∈ K R \ K r of K Ag , which is a nonzero solution of the variational inequality (1.1). This completes the proof. 
Proof. Define a mapping K Ag : K → K as follows:
It is easy to see that K Ag is β γ -set-contractive by (2.3). Let K r = {x ∈ K , x < r }. We shall verify that i K (K Ag , K r ) = 0 for small enough r and i K (K Ag , K R ) = 1 for large enough R.
First, we define a mapping H : [0, 1] × K R → K as follows:
Clearly, H is continuous bounded in [0, 1] × K R and for each t ∈ [0, 1], H (t, ·) is a strict set-contractive mapping. It follows that H (t, x) is uniformly continuous at t for all x ∈ K R .
We claim that there exists large enough R > 0 such that u = H (t, u) for all t ∈ [0, 1] and u ∈ ∂(K R ). Otherwise, there exist two sequences {t n } and {u n } with t n ∈ (0, 1], u n ∈ ∂(K R ), and u n → +∞ such that
Thus, we have
Letting v = 0, we can obtain from (2.1) and (2.16) that
which contradicts condition (iii). Therefore,
Secondly, we show that i K (K Ag , K r ) = 0 for small enough r . In fact, we can take r > 0 such that
On the other hand, take N for large enough and f ∈ X * . Then,
We define a mapping H : [0, 1] × K r → K as follows:
Then H (t, u) is continuous and bounded in
is a strict set-contractive mapping and H (t, x) is uniformly continuous at t for all x ∈ K r . We now claim that there exists small enough r > 0 such that u = H (t, u) for all t ∈ [0, 1] and u ∈ ∂(K r ). Otherwise, there exist two sequences {t n } and {u n } with t n ∈ [0, 1], u n ∈ ∂(K r ), and u n → 0 such that
(2.21)
Taking v = u n + x 0 in (2.21), we have
which contradicts condition (iv). Therefore, and so there exists a fixed point u ∈ K R \ K r of K Ag , which is a nonzero solution of the variational inequality (1.1). This completes the proof.
Remark 2.1. When K Ag is a condensing mapping and K is a star-shaped closed convex set, the fixed point index i K (K Ag , U ) is also well defined. Therefore, Theorems 2.1 and 2.2 also hold when K Ag is a condensing mapping.
